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Abstract. Generators of the super-Poincaré algebra in the non- (anti-) commutative superspace are rep-
resented using appropriate higher derivative operators defined in this quantum superspace. Also discussed
are the analogous representations of the conformal and superconformal symmetry generators in the de-
formed spaces. This construction is obtained by generalizing the recent work of Wess et al. on the Poincaré
generators in the #-deformed Minkowski space, or by using the substitution rules we derived on the basis
of the phase-space structures of non- (anti-) commutative-space variables. Even with the non-zero defor-
mation parameters the algebras remain unchanged although the comultiplication rules are deformed. The
transformation of the fields under deformed symmetry is also discussed. Our construction can be used for
systematic development of field theories in the deformed spaces.

1 Introduction

In present-day physics, non-commutativity of co-
ordinates [1, 2] is no longer taken as something unusual. It
occurs for instance when one studies the charged particle
dynamics in a strong magnetic field with lowest Landau-
level projection [3]. It also arises in string theory with
a non-zero B-field and in a certain limit the theory re-
duces to a gauge theory on a non-commutative space [4].
Many interesting features of non-commutative field theo-
ries, e.g., UV/IR mixing, soliton solutions, etc. have been
discussed extensively in the recent literature (for a review
and a list of references, see [5,6]). In these developments
it has become typical to promote the ordinary field-theory
Lagrangian to the Lagrangian in the non-commutative
spacetime by using the Moyal-Weyl x product[7—-9].

The non-commutativity of the space-time coordinates
is often taken as the signature for violation of Lorentz in-
variance. But, recently, it has been shown by using the
(twisted) Hopf algebra [10, 11] that the corresponding field
theories possess deformed Lorentz invariance. This sug-
gests above all to use the representation theory of the
deformed Poincaré algebra as a basis for systematic field-
theoretic discussions of these theories. In the related de-
velopments, Wess and his collaborators [12—16] have de-
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veloped the differential calculus which is more suitable for
the field-theory applications. Based on the latter approach,
an explicit differential realization of the deformed space-
time generators can be found, a novelty here being the
appearance of the higher derivative terms. An application
of these ideas for investigating deformed Schrédinger sym-
metry has also been made in [17]. In this work we show
that the approach of Wess et al. can be generalized to the
case of the non- (anti-) commutative superspace, and we
find explicit derivative realizations for the generators of the
deformed super-Poincaré symmetries. Conformal and su-
perconformal symmetries are also discussed along the same
lines. A simple change-of-variable-type formula, which re-
lates these space-time generators of the deformed space to
the corresponding (more familiar) expressions of the unde-
formed space, is given. These results are then used to derive
the appropriate field transformation laws in the deformed
space and to discuss the corresponding symmetries.

The plan of this paper is as follows. In the next section
we will first review the formalism of [12—16] and apply it
to the conformal generators in the ©-deformed Minkowski
space. As a result of the deformation, these generators
contain higher derivative operators, and we provide a sim-
ple understanding of these by considering the phase-space
roles of the non-commutative-space position and momen-
tum variables. The comultiplication rules are also worked
out using these higher derivative realizations, and the re-
sults are consistent with those obtained through Hopf-
algebraic considerations. Then, in Sect. 3, we consider the
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superspace with non- (anti-) commutative Grassmannian
coordinates [18—21] and develop the necessary differen-
tial calculus in this deformed superspace. With this ma-
chinery we explicitly construct the deformed generators
of the super-Poincaré group and also the superconformal
generators in the form of higher derivative operators in
the deformed superspace. The very expressions also follow
as we consider the appropriate change of variables with
the familiar linear differential operator forms relevant to
the undeformed superspace case. The generators thus con-
structed satisfy the same algebras as in the undeformed
case but give rise to certain modifications in the comul-
tiplication rules. In Sect. 4 we discuss the transformation
properties of the fields under the conformal and super-
Poincaré group. The field transformation laws, obtained
using the appropriate higher derivative representations of
the previous sections, give a manifestly invariant meaning
to the equations of motion in the deformed space; for this,
however, the transformation laws for the (local) composite
fields must be introduced in accordance with the comulti-
plication rules. In Sect. 5 are our concluding remarks.

2 Deformed Minkowski-space calculus
and conformal algebra

Consider the ©-deformed Minkowski space with non-
commutative space-time coordinates # which satisfy the
commutation relations

3,8 = 1",

(1)

where © = (O") is a real, antisymmetric, constant ma-
trix. In this space a general function f(#) may be expressed
using the Weyl-ordered monomials as basis elements, i.e.,
by the form

@) =fO4 f®ar 4 fB a4, (2)
where, according to the Weyl-ordering rule,

st =zt atav =

etc. We can also introduce, in a way consistent with the re-
lations (1), the operation of derivation 9, = 82# , satisfying
following properties:

@) [9na"] =0,

(4)

This allows us to consider further a general higher order
differential operator X which acts on a function f(&) ac-
cording to

(Leibniz rule) .

with appropriate coefficients éﬁl""“ (2).
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What we have above is the algebra A, the quotient
space of the algebra freely generated by the elements Z* di-
vided by the ideal generated by (1). As is well known, this
algebra A; is isomorphic to the algebra A4, of commuting
variables with the x product as multiplication. Explicitly,
given two functions f(z) and §(&), the isomorphism is im-
plemented by

f@) < f@)=r1° +f,§1)$” +fl§,2,)x"x”+ .. (6)

(similarly for §(Z)), and

5 o
dxH dzV g(x) .

(7)

In [12-16] the above isomorphism has been extended
to general higher order differential operators: there exists
an invertible map from the differential operator X defined
in A; to a differential operator Zx in A, preserving the
algebraic structure. But note that the map can change
the order of the differential operators; for this reason, the
strict restriction to linear differential operators (as in the
usual Killing symmetry considerations) becomes superflu-
ous. Explicitly, for X f specified as in (5), the map reads

(®)

i oHv

:f(#)4(2): & fla)xg(z) = flx)e?

Xf—X*xf(z)=Exf(2),
with

XH = 3 (@)D B (9)

and
- i\"1 v v
Ex :Z <2> n!@m L..@HnIngpLPr ()
n,r

— — — — — —
x (am %) (ayl By Oy - Oy > :

assuming that 4147 (z) ¢ £41--4r () in the sense of (6).
The inverse map has also been found: if one has in the com-
mutative space a general differential operator of the form

(10)

g = Zgﬁl'“‘”(x)aﬂl..ﬁur , (11)
the x differential operator X% with the property
Xz f(z)=Ef(x) (12)
is given by
* i " 1 v nVn ¢P1---Pr
XE_Z( 2) L A A ©))
n,r
— «— — - — —
X (am 8%) (3,,1 Ovp, O0p, ..8pr>
(13)
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From X% follows X= immediately (i.e., write (13) in the
form (9) and then use above the correspondence to change
it into the corresponding non-commutative-space differen-
tial operator X). Note that if = is a linear differential
operator but with coefficients which are [th-degree polyno-
mials in z, we will end up with the operator X= which is an
(I+ 1)th-order differential operator.

The inverse map given above can be used to construct
the differential operator representations (or space-time
representations) for the symmetry algebra in A;. Take the
case of conformal generators, encompassing those for the
translations (P), Lorentz transformations (M), the dilata-
tion (D) and special conformal transformations (K). In the
commutative space (i.e. with © = 0), they are represented
by the linear differential operators

P,=-i0,, My =—i(z,0,—z,0,),
D=iz"d,, K,=-i(2z,x"— (5Zm2)8y . (14)
Identifying = with any of these operators, we can now ap-

ply the inverse map to obtain the related generators in Az,
viz.,

g _iépd D = ii“é‘u 5

. L1 5 A A 4
(@00~ 8004) — (61,005 — 01, 0,01)
K, = —2ii,3" 9, +12%0, — 071,05 — 0721, 3" 9,0

b,
+0°23,000, — ;npxeﬂae*fégé@ . (15)

M, =

Notice that M uv contains double derivatives and K o, terms
up to triple derivatives; these follow since the correspond-
ing undeformed forms in (14) involve coefficients which are
linear and quadratic in z, respectively. These deformed
generators satisfy the usual commutation relations of the
conformal algebra (which we verified explicitly):

[3u,3y: =0, [Sw,é,,} wa&,

[0008L] = bur (withwx o' = = (wewlf —w)w)))
500 = s [5ad)] = b,

B,,8c| = —2¢,84+2ic" M,

6.8, = icvw Ko,

:_Sd, Swi [&: , 5;} (16)

where 5(1, Sw and 56 denote the infinitesimal generators de-
fined as (w,., cx are real constants):

b =iD, b,=-— ;wwM’“’ . b, =ic K™ (17)
We remark that if, instead of the operators given in (15),
the related higher derivative x differential operators (9y;,
85, 6%, 0%) are considered, they also satisfy the unmodified
conformal algebra relations (i.e., in the form (16)) with the
bracket now provided by the so-called x-commutator.
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There is an alternative way to understand the higher
derivative structure that we have found for the generators
in the deformed space. In the abstract phase space having
(x*,p,) as canonical coordinates, it is possible to intro-
duce non-canonical coordinates (£#,p,,) which are related
to (z*,p,) by

ﬁu =DPu - (18)

Then the Poisson brackets between the x and p will be non-
standard ones — we rather find, after quantization, the ones
consistent with the non-commutative-space commutation

relations (1), together with [p,,, p,] = 0 and [p,,, "] = —id},.
The inverse transformation of (18) reads
NP AP
=it M,
Pu pu éu , (19)

where we have made the replacements p,, — —id),,. If we use
the transformation (19) in (14), we then obtain, quite re-
markably, the deformed generators shown in (15); higher
derivative terms show up here because our transformation
(19) mixes coordinates with momenta. This also explains
why our deformed generators satisfy the unmodified com-
mutation relations of the conformal algebra.

To make connection with the Hopf-algebra-based ap-
proach [10,11], we now derive the comultiplication rules
implied by the above differential representation. They fol-
low upon applying the operators in (15) on the product of
two functions, fg. Here, for the coproduct of translation

generators A(P,), the Leibniz rule holds (since 13“ equals

—id,,):

AP,)=P,®1+10P,. (20)
On the other hand, using the above expressions for M v

and b, which involve higher derivative operators, we find

My (f3) = (M )3+ F( Wg>
-3 (070.-0:0.) o
+1éf(@"éy— 6.)3.

D(f9) = (Df)g+ f(Dg)+0" 0, 0,5,  (21)

and these in turn lead to the following comultiplication
rules:

A(M,,)) =M, ®1+1® M,,

1/ e N
+, (@H B, -0 PH)®PU

1 oD oD
— P8 (67P,-07P,),
AD)=D®1+1®D+6""P,®P,. (22
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Similarly the comultiplication rules for the special confor-
mal generators K are obtained as

A(I%H):Ku®1+1®f<“+9p"< (n,,,LDJrMp,L)@PU
+Pe (nw[) +M<w) )
1 ~ N ~ A A
+ 49W@/\w< (77/\upp — P +77puP/\) ® PPy
+P>\Pp® (nwupa - nwap,u +"70,upw) ) i (23)

In this manner, i.e., with the help of explicit differential
realizations, the comultiplication rule A(M,,) (first ap-
pearing in [10, 11]) was deduced in [12,13] (see also [22]).
As for the rules involving D and K, the results given
above (which we derived using our differential operator re-
alizations in (15)) were also found recently [23] from quan-
tum group arguments. One can easily verify that the co-
products (A(P )y A(M ., A(D), A(K,,)), with comultipli-
cation rules given above, satisfy the commutation relations
of the conformal algebra without modification — they de-
fine the conformal bialgebra.

3 Deformed superspace calculus and
super-Poincaré and superconformal algebras

Let us now turn to the case of non- (anti-) commutative
superspace. In this work we shall be concerned with the un-
extended (i.e. N'=1) superspace only. Before considering
any deformation, the coordinates of this superspace are de-
noted by (z*,6%,0%). (We follow the notation of [24].) The
Grassmannian coordinates 8 and § anticommute; but in
the deformed superspace, we may assume the related coor-

dinates éa, 6¢ to satisfy the anticommutation relations of
the form [18—21]

{0.0°) = ¢, {éa,é‘d} - {é“,é"} -

with non-zero constant C*%. This deformation, breaking
half of A" = 1 supersymmetry, will lead to a theory with
N = supersymmetry [21].

To discuss the more general deformation (containing
the deformed commutation relations (1)), it is convenient
to introduce the chiral coordinates

(24)

g =it +iboot .0 (25)

and then posit the (anti-) commutation relations [18—-21]
g 57 =iem,  [g#,6°] =, [@“, 6} =
(26)
together with (24). Here, ¥#* are some Grassmannian c-

numbers. The result is the deformed superspace with three
kinds of deformation parameters, i.e., @**, C*P and ¥+,
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To discuss functions of the deformed superspace, we
need to introduce appropriate ordering on related monomi-
als. Here we adopt the natural generalization of (3), i.e.,

9ryT = 0+ 979,
PO 1 ~ = PN
6268 : = 2(9095—9590‘),
~ 1 ~ ~
gro = (g0 +0%5"), (27)

etc. Since the status of the coordinates éa is not changed
in our deformation, no ordering rules for them need to be
specified. In this space, we can again introduce (in a way
consistent with (24) and (26)) the derivatives

Aza AaEaA andéz?d
ay/‘ 06 5.0 o0 00
satisfying
A A . B .
0] =oz (o8} oz, {s.0") o,
(28)

plus other vanishing (anti-) commutation relations. No-

tice that 3 and Oy denote partial derivatives at “fixed”
g* rather than at “fixed” #*. Given due consideration to
the Grassmann parity nature of the functions involved, the
Leibniz rule holds with these derivatives.

We now discuss the isomorphism existing between
the algebra of functions in the deformed superspace and
that defined in the ordinary superspace. Here, let us
denote the deformed superspace coordinates by YM =
(y“,@"‘,@"‘), and the corresponding undeformed ones by
YM = (y* 6%,6%). For the ordered product considered
in (27), we write : YMYN . Then a general function of the
deformed superspace (with definite Grassmann parity),
F(Y), may be expressed by the form (here : YM := y'M)

F(Y):f(o)—l—f](vl[) :}A’M:—l—fj(\%v:f’MYN:—l—... )
(29)
Now the isomorphism is implemented by
F(Y) & FY)=fO 4 fDyMy ¢@ yMyN
(30)

and, for the product : F(Y
functlons F(Y)and G(Y),

YG(Y) : involving two arbitrary
by the generalized x product

F(Y)G(Y): < FxG(Y)

1@MN 6 o
ayM sy N G( )

=F(Y)e?
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where

—
0 _(y_ 0
YN — \ T gyu

«
0 —
3YN = <8,u7aayad>

—
with 6% 9g= —dg, etc. and © = (6MN) is the supermatrix

R —ighh ()
g iCc*f o |, (32)
0 0 0

with W = —@¥<, Similarly, an invertible map preserving
the algebraic structure can be established between a dif-
ferential operator X defined in the deformed superspace
and a related differential operator Zx in the ordinary su-
perspace. Let X be a general differential operator (with

definite Grassman parity), which acts on a function (V')
as
o, F(Y)

Zf

¥)u, ... (33)

with approprlate coeflicients §M1 My (Y) Here we have

denoted 9y, = (8#,80“3 ). This is then mapped to the
elements ='x of the ordinary superspace by
XF(Y)—= X*«F(Y)=EZxF(Y), (34)

where, if €M1 Mr (V) is related to M1
of (30), we have

Mr(Y) in the sense

oM,

r

Zs

Y)ou, ... (35)

and therefore
Ex = Z( > OMIL @M g ()

— — —
X (8}\41 6Mn) (8}\]1

The map (34), an exact parallel of the result (8) without
Grassmannian coordinates, can be demonstrated, say, by
the method of induction [12, 13]. For the inverse map, given
a differential operator

- = —
ONy, O, ...apT> .

(36)

= —Zng M (VYo - .. O, (37)
we must find a differential operator X% such that
Xz+xF(Y)=EF(Y). (38)
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The desired differential operator can be shown to be of the
form (13), i.e

i n
Xé:Z(‘z) O (v)

— — — —
X (6M1 6Mn) (8N1 8pr) y
(39)

as may be verified by checking whether Z'x for X given
by (39) leads back to the form (37). Promoting X% to Xz
is trivial.

We are now ready to give the differential operator
representation for the super-Poincaré and superconformal
generators in the superspace. As for the generators of the
super-Poincaré algebra, we may apply the above inverse
map to the corresponding expressions in the ordinary su-
perspace, i.e., to

- —

Oy Opy .-

P,=-i0,, Qu=104,
Qd = —igd — 29“02d8p 5
M,u,z/ = _i(yuau - yuau) +i6* (JMV) aﬁ - 10 (UHV)ﬁdéﬁ .
(40)
The result is (here dos = 0¥, 0,)
Au = _iéu )
M;w = _l(guév - guéﬂ) + léa (UIW)a éﬁ —1i60 (U#”)ﬁagﬂ
- ;(@fé,ép ~0£0,0,)+ (1,20, ~0,D,04)
i A A i A A
+ 2g,p (Uw)aﬁap B8~ 2Caﬁ(0;w)o78ﬁaw )
Qa = iéa )

Q= —10 — 20%80i + C*P 3B — UP*8pdns

As one can verify explicitly, this differential operator repre-
sentation in the deformed superspace satisfies the unmod-
ified (anti-) commutation relations of the super-Poincaré
algebra

(41)

(42)

Are there appropriate analogues of the transform-
ations (18) and (19) in the superspace? The answer is yes.
From (24) and (26) it is clear that only y* and 8 need to
be transformed while the other variables (including deriva-
tives) remain unchanged. We then find, for the relevant
transformations, the following formulas:

o0, + waaa ,
1

i
L0,

=y +

6> = C*Pog + (43)

l\D}—‘l\'}»—'



310

Taking the usual canonical brackets for y, 6, etc. imme-
diately reproduces the non-canonical (deformed) algebra
of (24) and (26). Since the derivatives are invariant, the in-
verse transformations are given by

.
Y=gt = 00, = 0D,

R 1 A 1 R
0% = 0> — QCaﬁaﬁ =, T, (44)

Substituting these expressions in (40) leads to the de-
formed generators (41). It also explains the fact that these
deformed generators satisfy the same super-Poincaré alge-
bra as the undeformed ones. Hence, despite deformation,
one may use the same Casimir operators as the undeformed
case to classify the various representations, etc.

We can apply the inverse map to the superconformal
generators in the ordinary superspace, to get a repre-
sentation of the superconformal algebra in the deformed
superspace. The appropriate linear differential operator
representation in the ordinary superspace can be found
for instance in [25]. Because of the complexity involved
in the expressions, we shall present the representation
with the C*% deformation only. (If one wishes, the full
expressions containing the deformation parameters ©*”
and P+ as well can be easily worked out.) The super-
conformal algebra has 24 generators — in addition to the
14 generators (P, M., Qa, Q) of the super-Poincaré al-
gebra, it contains D (dilatation), K, (special conformal
transformations), A (axial charge) and S, Ss (so-called
S-supersymmetry transformations). In the C-deformed
superspace the representations of (P,L,M,W,Q,X,Qd) are
available from (41), now with O*" = ¢#* = 0. For the
other generators the inverse map gives rise to the following
representations:

126

1o
0
2

0, -'0:).

D 50'”

0,4 00, +
1
2

A

Koo = =i(0) £ (9)%045 + 2104(9)" 05
~ oA ~ 22 A
+2i04 () 05+ 4000 O

s B A A 6@2A a2
e, OV (§)P. 850 — 260, C8 D5D

S = =20(1) 8905+ 20°0, + () 0+ 4i0d 0,
+HiCPY () £ 0,05+ 2CP 050,04

aﬁa ~
—2ieasC™0 940,

~ 22a N
So=—2i0 9+ (9)",05, (45)

where Qaﬁ =g"(0,) L2, etc. The (anti-) commutation rela-

tions of the superconformal algebra are satisfied by this
representation without modification; viz., they satisfy (in
addition to those in (42))

Qo {ﬁan}:_

)|
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Unp

Ao i A
[D7Sa :2Sa7 [Dy éz::2Sda
[ adyPp| = 26&5Qa , [ s S’B = _2€dﬁQa s
[Kadyc?ﬁ :26a[3§d y |: Aao’n@ﬁ' = _26d@'§aa
{Mpvyga :i(o'm/)aﬂ@ﬁ ) |:Mpl/agd :i(a'vu)ﬁ,i@g' )

S'omg’d} = 2Kad7

A A

S, Qﬁ} = 4iM o+ 2ZieasD + GeagA . (46)
While the (anti-) commutation relations of the sym-
metry algebra are unchanged, there are modifications to
the comultiplication structure because of the deformation.
The comultiplication rules for our super-Poincaré genera-
tors follow if we apply the differential operators in (41) on
the product of, say, two scalar superfields: the results are

AP)=P,®1+1®P,,

A(M,,)) =M, @1+1Q M,

+ ; CHIACI ALY
_ ;]5[, ® (9;13” - @;’PH>
. WOP TR @ Q.
' Que (T,°P, ~0,°P,)

N

y—/pa(aut/)aﬁ (PP®QB - QB®PP)

- 20045(0’“/)07 (Qs®0Qy+Q,®Qp),
AQa) = Qu®14+18®Qa,
@a) :©a®1+1®©a
+C% (005 P, ®Qp— Qs @05 Py)
— 0P (P, @op Pr—0as PA®P,) .

N

(47)

These comultiplication rules may again be used to verify
the unmodified (anti-) commutation relations of the super-
Poincaré algebra. Very recently, these rules were derived
also from quantum group theoretic arguments [26—28].
The comultiplication rules for the superconformal genera-
tors can also be found in a similar way. Especially, in the
C-deformed superspace, we may use the differential oper-
ator representation in (45) to find the following rules for
b, A,Kad, Sa and Sy also:

1

2C°‘5Qa®(:2ﬁ,
Ad)=Ae1 4104 0"Q.0 Q.
A(Kos) = Koa ©1410 Koo+ €0sC™
X <§Q®Q7+Q7®§d),
ASa)=5.21+18 5,
HICT (2Map+ €apD — Bicapd) © Q,

AD)=D®1+1@D—
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—iC?Q, ® <2Ma5 +eapD— 3iea@fl)
+iC P (Qg ®Q,Qs5 +Q,Qs ®Q@) :

A(Sa)=5401+1® 5, . (48)
To our knowledge, these comultiplication rules have not

been given before.

4 Field transformations and symmetries

The advantage of working with deformed generators is that
they act as manifest symmetries of the equations of mo-
tion in the non- (anti-) commutative space. In this section
we shall consider the transformation properties of the fields
under conformal and super-Poincaré symmetries and the
invariance of equations of motion as regards the deformed
symmetries for some simple cases. To discuss the trans-
formation properties of the fields under conformal symme—
try, we will here consider the generalization of the “mini-
mal” space-time representatlon (17) in such a way that the

differential operators 5d, b, and o, may be given by
da=—i"0,—d,
by = —2 w8, + afw 20,0, . w I
3 = 2c. i“i?pap — 3% 3A —ic 0 px 803p —|—1c)‘9p"£”503AA
+ 4@90@9;@50& +2de.& — idea0d, — 2iz¥ ¢ 5y,
— Y7 25,0, . (49)

These expressions differ from the minimal space-time rep-
resentations by the presence of the spin matrix X, (satis-
fying the Lorentz algebra by themselves) and the constant
parameter d which will assume the role of the scale dimen-
sion of the field in consideration. The differential operators
in this generalized form also satisfy the commutation rela-
tion of the conformal algebra (16), as one can easily verify.
Then, the (deformed) conformal symmetry may be realized
by taking the following transformations of the fields (%)
(which can be Lorentz tensors/spinors with an appropriate
choice of the spin matrix ¥, ):

8 1[’:_‘1“8#1/% S ’lZJ:—Sw’lZJ, 8 12;:_5(11[)’
59 = —b4b (50)

The bold-faced §’s, acting on the fields ¢(2) (with tensor/
spinor indices suppressed), provide a “field representation”
of the conformal algebra in the non-commutative space,

and thus (ST SL &0 Sc) satisfy the same commutation
relations of the conformal algebra as the space-time repre-
sentations (6, = a“a,“ b, 04, 0¢) do.

If the field ¢)(&) is taken to be an elementary scalar

field q@(i) in 4-dimensional space-time, one may choose
Y. =0 and d=1 in (50). Then, for the related deriva-

tives fields 9,¢(&) and H2¢(&), one may use (50) to derive
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the appropriate transformation properties. For the field
V,, = 0,¢(&), one finds that their Poincaré and scale trans-
formations are consistent with our field transformation
laws in (50) only if we now take the Lorentz vector spin ma-
trix (E,(L‘,f))lf‘ =i(nuen) — nypnu)‘) and the scale dimension
d =2 for V,L (Z): explicitly using a notation like 5((10), 55,0),
etc. to indicate the operators obtained with X, = 0 and
d=11n (49),

5 ( p)Eép( (Z)):_a“ Au(ép(z)): é V

5°(V)=0,(8"3) = =3(8,8)  [8,,6] &
= _Sw()) (épqg) +wp>\(é>\qg) = _SwV) (VP) )

57(V,) =8,(679) = =50 (9,9) — [9,,3] &

(51)

But under special conformal transformations, Vu (%) can-
not be described by our formulas in (50). In contrast, for
the field x(z) = 924(#), one finds after some straightfor-
ward algebra that its full conformal transformation behav-
iors, including those under special conformal transform-
ations, are described by (50) (appropriate to a dimension-3
Lorentz scalar field x(&)).

We now turn to the action of these symmetry genera-
tors on the local product of the fields. This can be done
by making use of the comultiplication structure derived
in (20)—(23). Here it should be noted that, even if more gen-
eral differential operators in (49) are allowed to act on a
product of two functions f§ (with different sets of X, and
d chosen for f and §), the comultiplication rules as given by
the forms in (20)—(23) continue to satisfy the commutation
relation of the conformal algebra. Based on this bialgebra
structure, we may now take the conformal transformations
for the composite fields 1 ® ¥ to be given by
—A(5x)1/11 & 1/12 )

SXI/Sl @ = (52)

where A(d,) on the right denotes the differential operator
acting on 1) ® by according to the rules (20)-(23). Here the
superscript X (subscript ) can refer to any of the full con-
formal transformations.

Using (52), it is not difficult to derive the confor-
mal transformation properties of the composite fields like
Uy (#) = ¢2(#) and ¥y(d) = $3(&), where G(&) is an ele-
mentary, dimension-1, scalar field with its transformation
properties specified as above. The results are simply

AXA A

) —6,¥ (with X, =0 and d =2 for &),
SX Iy = —6,Wy (with Yuw=0andd=3 for By,

(53)

i.e., despite the twisted comultiplication their conformal
transformations are exactly of the same form as those of
an elementary field. Use of the higher derivative represen-
tation (49) for d, is responsible for this. Furthermore, as
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the fields 9%¢(2) and ¢3 (&) have identical conformal trans-
formation properties (in 4-dimensional space-time), we can
conclude that the scalar field equation of the form

09 +9¢° =0 (54)
is invariant under full (deformed) conformal transform-
ations. This is the generalization of the well-known fact for
a massless ¢*-theory in ordinary space-time.

Let us now consider the transformation properties of
the superfields in the non- (anti-) commutative superspace.
For simplicity, only the super-Poincaré transformations
on scalar superfields will be considered here. Though the
supercharges @, are deformed in the non- (anti-) com-
mutative superspace, the covariant derivatives remain un-
changed:

Do =100 —20 8ng, Da=—ids. (55)

One can define the chiral superfield qﬁ(y,é) in the usual
manner, i.e., by demanding that D4®(y,0) = 0. For a com-
ponent expansion in 6, we can write it as

B(3,0) = a(y) +vV200(9) + 6 £(9) .

The anti-chiral superfield 43(@, 6) can be expanded analo-
gously by rewriting first 4/ in terms of g, etc.

To write the supersymmetry transformation of the

chiral superfields, we follow the approach similar to the

bosonic symmetries and write the field transformations as

(56)

‘D= —6.0=—ic"(i0y)P,
b= —5551% = —iEd(—iéd — 2éa5'ad + Caﬁéﬁéad
—UPD, B ) B . (57)

Then, for the covariant derivatives of the chiral superfield,
one finds

8 (Dad) = Do(6°F) = —b.(Dod) - [Da,&} é
= _Se([)aé) )
8 (Dud) = Do(6°3) = —b.(Dod) - [Da,sg} é

(58)

The transformations rules for the anti-chiral superfield and
the corresponding covariant derivatives can be written in
a similar fashion. Using the above relations and acting with

D, ( D,) once more, it is an easy exercise to show that

D¢ (D243) transform as a chiral (anti-chiral) superfield
under the deformed supersymmetry.

For the local product of two (or more) chiral superfields,
the transformations rules can be written using the comul-
tiplication rules (47). Using the bialgebra structure of the
comultiplication rules (47), the transformation of the prod-
uct @1 ® Py can be taken by the formulas
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This has the simple consequence that the transformation
law for the product of two chiral superfields, ¥ = &2 be-
haves again as that of a chiral superfield, i.e.,

(60)

Note that the higher derivative nature of 6z and the related

modified comultiplication rule A(Q,) in (47) are crucial
to ensure this behavior. As the supersymmetry transform-

o 2 o A
ations of D & and 92 are exactly the same as that of a chi-
ral superfield, we can immediately conclude for instance
that equation of motion for the Wess—Zumino model

D293—m§lg—g§132 =0 (61)
is manifestly invariant under deformed supersymmetry.
The above discussion can be generalized to other super-
fields (e.g. vector superfields) and one can write the corres-
ponding operator equations in the non- (anti-) commuta-
tive superspace which are invariant under deformed super-
symmetry.

5 Concluding remarks

In this work we have considered the differential calculus
in the deformed superspace, generalizing the correspond-
ing approaches [12-16] in the deformed Minkowski space.
Based on this, we have found the differential operator
representations in the deformed space for the conformal,
super-Poincaré and superconformal generators. They con-
tain higher derivative terms, but satisfy the same (anti-)
commutation relations of the algebras as in the unde-
formed case. The higher derivative terms are responsi-
ble for the modifications in the comultiplication struc-
tures and we have exhibited them explicitly. We then con-
sidered the transformation of the fields under deformed
symmetry and exhibited that they can provide a natu-
ral realization of the field-theoretic symmetry in the de-
formed spaces. Though the symmetry cannot be given
a meaning in the sense of Noether’s theorem because of
the “twisted” comultiplication structure used to derive
the transformation laws for the composite fields, it serves
as a useful tool to write the invariant equations of mo-
tion in the deformed spaces. We hope that the differen-
tial calculus developed in this paper and the deformed-
symmetry considerations can be useful for studying vari-
ous aspects of field theories defined on non- (anti-) com-
mutative superspace. It is desirable to study for instance
the consequences of these symmetries on soliton solutions
and on issues related to quantum loop corrections such as
the renormalization and anomaly structures of field theo-
ries defined in the non-commutative spaces. One may also
study the supergravity theories in the deformed super-
space using this formalism. Some of these issues are under
consideration.
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